
Homework 2 Numerical Analysis Spring 2023

Instructions:

• Due 02/16 at 11:59pm onGradescope.

• Write the names of anyone you work with on the top of your assignment. If

youworked alone,write that youworked alone.

• Showyourwork.

• Include all code you use as copyable monospaced text in the PDF (i.e. not as a
screenshot).

• Do not put the solutions tomultiple problems on the same page.

• Tagyour responses on gradescope. Each page should have a single problem tag.

Improperly tagged responseswill not receive credit.

Problem 1. Consider the problem of evaluating the function 𝑓 ∶ ℝ → ℝ on some

domain 𝐷 ⊂ ℝ. We can formalize our definition of condition number of 𝑓 at an
input 𝑥 as

𝜅(𝑓, 𝑥) = lim
̃𝑥→𝑥

|𝑓( ̃𝑥) − 𝑓(𝑥)|
| ̃𝑥 − 𝑥| .

(a) Suppose 𝑓(𝑥) is differentiable at 𝑥. Howdoes 𝜅(𝑓, 𝑥) relate to 𝑓′(𝑥)?
(b) Let 𝑓(𝑥) = √𝑥. What is 𝜅(𝑓, 4)? Show 𝜅(𝑓, 0) = ∞.

(c) Suppose 𝑔(𝑥) = 1000𝑓(𝑥). Howdo 𝜅(𝑓, 𝑥) and 𝜅(𝑔, 𝑥) relate?
(d) Suppose 𝑔(𝑥) = 𝑓(𝑥) + 1000. Howdo 𝜅(𝑓, 𝑥) and 𝜅(𝑔, 𝑥) relate?
(e) Suppose 𝑔(𝑥) = 𝑓(𝑥 − 1000). Howdo 𝜅(𝑓, 𝑥) and 𝜅(𝑔, 𝑥 + 1000) relate?

Problem 2. We can also define a “relative” condition number

𝜅rel(𝑓, 𝑥) = lim
̃𝑥→𝑥

|𝑓( ̃𝑥) − 𝑓(𝑥)|/|𝑓(𝑥)|
| ̃𝑥 − 𝑥|/|𝑥| .

(a) Suppose 𝑔(𝑥) = 1000𝑓(𝑥). Howdo 𝜅rel(𝑓, 𝑥) and 𝜅rel(𝑔, 𝑥) relate?
(b) Suppose 𝑔(𝑥) = 𝑓(𝑥) + 1000. Howdo 𝜅rel(𝑓, 𝑥) and 𝜅rel(𝑔, 𝑥) relate?
(c) Suppose 𝑔(𝑥) = 𝑓(𝑥 − 1000). Howdo 𝜅rel(𝑓, 𝑥) and 𝜅rel(𝑔, 𝑥 + 1000) relate?
(d) Think about the implications of your responses to these problems, and then

describe a real-life situation in which it makes more sense to use the relative

condition number than the regular condition number.
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https://www.gradescope.com/courses/487363/


Problem3. Describewhether the followingproblems/tasks arewell-conditionedor

not. Justify each of your responses.

(a) Problem/task: You are given a vector [𝑥1, 𝑥2] and must compute the solution
[𝑧1, 𝑧2] to the linear system of equations

2.3𝑧1 − 1.01𝑧2 = 𝑥1, 2.31𝑧1 − 1.00𝑧2 = 𝑥2.

Example inputs/outputs:

input 𝑥 solution 𝑓(𝑥)

[1, 2] [30.816, 69.184]
[1, 1] [0.30211, −0.302115]

(b) Problem/task: Youaregiven functionℎ ∶ [−1, 1] → ℝandmust return∫1
−1 𝑔(𝑠)d𝑠.

Here you should interpret ℎ̃ ≈ ℎ to mean ℎ̃(𝑠) ≈ ℎ(𝑠) for all 𝑠 ∈ [−1, 1].
Example inputs/outputs:

input 𝑥 solution 𝑓(𝑥)

ℎ(𝑠) = 1 2

ℎ(𝑠) = 𝑠2 2/3

ℎ(𝑠) = sin(𝑠) 0
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(c) Problem/task: You’re designing a self-driving car. As you approach an inter-

section,youaregivenacolor imageof thestoplight. Youmustdeterminewhether

it is greenor red; i.e. if the car shouldcontinue through the intersectionor stop.

Example inputs/outputs:

input 𝑥 solution 𝑓(𝑥)

green

red

green

red
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(d) Problem/task: You’re designing a self-driving car. As you approach an inter-

section, you are given a greyscale image of the stoplight. You must determine

whether it is green or red; i.e. if the car should continue through the intersec-

tion or stop.

Example inputs/outputs:

input 𝑥 solution 𝑓(𝑥)

green

red

green

red

Images from: Brooklyn 4K -Night Drive and Jazz NewYork CityDrive
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https://www.youtube.com/watch?v=yhCAWZlv_Sc
https://www.youtube.com/watch?v=eyu0d1x5TMs


Problem 4. Consider the problem of adding 𝑛 numbers. That is 𝑓(𝑥1, … , 𝑥𝑛) = 𝑥1 +
𝑥2 + ⋯ + 𝑥𝑛.

There are manyways we could implement an algorithm for this problem. Perhaps

the simplest is

import numpy as np

def add_list(x,n):
s = np.zeros(1,dtype=x.dtype)
for i in range(n):

s = s + x[i]
return s

Consider 𝑥 = [108, 1, 1, … , 1] for 𝑛 = 34412. We can set this problem up as

n = 34412
x = np.ones(n,dtype=np.float32)
x[0] = 1*10**8

add_list(x,n)

Note herewe are using 32 bit floating point arithmetic throughout.

(a) What is the correct answer to this problem, andwhat does the algorithm out-

put?

(b) Suppose insteadwe implement an algorithm

def add_list_sorted(x,n):
z = np.sort(x)
s = np.zeros(1,dtype=x.dtype)
for i in range(n):

s = s + z[i]
return s

What is the output of add_list_sorted(x,n)?
(c) Explainwhy the two algorithms have different outputs.

5



Problem 5. In class (and the notes)we saw that our impelemntation of a triangular

solvedwas faster than numpy’s np.linalg.solve.

Scipy has a solver sp.linalg.solve_triangular for triangular systemswhich uses
LAPACK’s triangular solver.

Add this solver to the runtime comparison of np.linalg.solve and our triangular
solver in Chapter 7 of the notes (code is online in Google Drive).

Include the new figure showing the runtime scaling of all three algorithms. How

does scipy’s triangular solver compare compare?

Remember to include your code aswell as the figure.

Note also that the timings don’t work that well in colab, so it is preferable to run lo-

cally if possible.
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https://docs.scipy.org/doc/scipy/reference/generated/scipy.linalg.solve_triangular.html
https://drive.google.com/drive/u/0/folders/17mCJ0l6Sc4sKMXJPEklNQuDfrS6X4jcC

