
Homework 3 Numerical Analysis Fall 2024

Instructions:

• Due 10/7 at 6:00pm onGradescope.

• Youmust follow the submission policy in the syllabus

Problem 1. For each problem,write down amatrix or matriceswhich performs the

stated operations to a 3 × 4matrix. Make sure to specifywhether you should be ap-
plied on the left or right.

For reference,wewill also showwhat the operation does to the followingmatrices:

𝐀 = ⎡⎢⎢
⎣

1 2 3 4
5 6 7 8
9 10 11 12

⎤⎥⎥
⎦

, 𝐁 = ⎡⎢⎢
⎣

1 3 −2 0
2 −3 1 1
2 −2 5 4

⎤⎥⎥
⎦

(a) Extract the second column.

𝐀 → ⎡⎢⎢
⎣

2
6
10

⎤⎥⎥
⎦

, 𝐁 → ⎡⎢⎢
⎣

3
−3
−2

⎤⎥⎥
⎦

(b) Extract the second column and place it in the third column of a 3 × 3matrix of
zeros.

𝐀 → ⎡⎢⎢
⎣

0 0 2
0 0 6
0 0 10

⎤⎥⎥
⎦

, 𝐁 → ⎡⎢⎢
⎣

0 0 3
0 0 −3
0 0 −2

⎤⎥⎥
⎦

(c) Swap the second and third columns.

𝐀 → ⎡⎢⎢
⎣

1 3 2 4
5 7 6 8
9 11 10 12

⎤⎥⎥
⎦

, 𝐁 → ⎡⎢⎢
⎣

1 −2 3 0
2 1 −3 1
2 5 −2 4

⎤⎥⎥
⎦

(d) Sum up each column.

𝐀 → [15 18 21 24] , 𝐁 → [5 −2 4 5]

(e) Swap the second and third columns, then sum up each column (this one re-

quires using twomatrices).

𝐀 → [15 21 18 24] , 𝐁 → [5 4 −2 5]

(f) Sum all the entries (this one requires using twomatrices).

𝐀 → [78] , 𝐁 → [12]
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Problem2. Plotting data is often a usefulway to understand the behavior of a func-

tion. For instance, we might plot the runtime of an algorithm as a function of the

size of the input. The simplest thing to do is plot 𝑥 vs 𝑦 values. However, sometimes
it is more useful to plot 𝑥 vs log(𝑦) or log(𝑥) vs log(𝑦). This problemwill explorewhy

this is the case.

(a) Prove that on a log-log plot, 𝑛 vs 𝑐𝑛𝑘 is a line. What is the slope? What is the

intercept?

(b) Whatwill theplot of 𝑛vs50𝑛2+3𝑛+1 look like ona log-logplotwhen𝑛 is large?
(c) Prove that on a log-y plot, 𝑛 vs 𝜌𝑛 is a line. What is the slope?

(d) Over the range 𝑛 ∈ [1, 20]make a plot of:
• 𝑛 vs 50𝑛2 + 3𝑛 + 1 and 𝑛 vs 𝑛3

• 𝑛 vs log(50𝑛2 + 3𝑛 + 1) and 𝑛 vs log(𝑛3)
• log(𝑛) vs log(50𝑛2 + 3𝑛 + 1) and log(𝑛) vs log(𝑛3)

Imagineyou didn’t knowwhat functionswewere plotting (i.e. youwere timing

two algorithms and got the plots empirically). Explain why the log-log plot

is the most useful for understanding the behavior of growth of the functions

beyond 𝑛 = 20.

Problem3. Inchapter9,weseeour implementationof a triangular solvedwas faster

than numpy’s np.linalg.solve.

Scipy has a solver sp.linalg.solve_triangular for triangular systemswhich uses
LAPACK’s triangular solver.

Add this solver to the runtime comparison of np.linalg.solve and our triangular
solver in Chapter 9 of the notes (all the code from the notes is online on the Google

Drive).

Include the new figure showing the runtime scaling of all three algorithms. How

does scipy’s triangular solver compare?

Remember to include your code aswell as the figure.

Problem 4. In lecture, we said floating point numberswere basically like scientific

notation.

Let’s define the set of numberswhichwe can represent in finite precisionwith 𝑝 > 0
decimal places as

𝔽𝑝 ∶= { ± 𝑏.𝑏1𝑏2 … 𝑏𝑝 × 10𝑚 ∶ 𝑏 ∈ {1, … , 9}, 𝑏𝑖 ∈ {0, … , 9}, 𝑚 ∈ ℤ}

For example, 3.2414 × 102 and 9.9999 × 10−99 are both in 𝔽4.
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Define the rounding function round ∶ ℝ → 𝔽𝑝 as the functionwhich takes in a num-

ber 𝑥 and outputs the nearest number round(𝑥) in 𝔽𝑝 to 𝑥 (round up in a tie).

For example,

𝑥 = 𝜋 = 3.14159265358979323846 … → round(𝑥) = 3.1416 × 100.

(a) What is the distance between two consecutive numbers in 𝔽𝑝 with the same

exponent𝑚?
(b) Prove that for any 𝑥 ∈ ℝ,

|𝑥 − round(𝑥)| ≤ 10−𝑝|𝑥|.

Hint: Use (a) and argue that |𝑥| ≥ 10𝑚.

(c) Note that 𝔽𝑝 is an infinite set. Define

𝔽𝑝,𝑞 ∶= { ± 𝑏.𝑏1𝑏2 … 𝑏𝑝 × 10𝑚 ∶ 𝑏 ∈ {1, … , 9}, 𝑏𝑖 ∈ {0, … , 9}, 𝑚 ∈ {−𝑞, −𝑞 + 1 … , 𝑞}}.

This is like 𝔽𝑝 butwe only allow exponents between −𝑞 and 𝑞.
Show that if round ∶ ℝ → 𝔽𝑝,𝑞 is the function which takes in a number 𝑥 and
outputs the nearest number round(𝑥) in 𝔽𝑝,𝑞 to 𝑥 (round up in a tie) there exits
𝑥 ∈ ℝwith

|𝑥 − round(𝑥)| > 10−𝑝|𝑥|.

Problem 5. Define,

𝐀 =
⎡
⎢⎢⎢
⎣

3 4 1 −8
6 5 2 −28
3 2 −8 −13

−12 −15 −4 48

⎤
⎥⎥⎥
⎦

, 𝐛 =
⎡
⎢⎢⎢
⎣

−10
−26
−38
54

⎤
⎥⎥⎥
⎦

Wewant to find 𝐱 so that𝐀𝐱 = 𝐛. Supposewe have

𝐀 = 𝐋𝐔, 𝐋 =
⎡
⎢⎢⎢
⎣

1 0 0 0
2 −3 0 0
1 −2 3 0
−4 1 0 4

⎤
⎥⎥⎥
⎦

, 𝐔 =
⎡
⎢⎢⎢
⎣

3 4 1 −8
0 1 0 4
0 0 −3 1
0 0 0 3

⎤
⎥⎥⎥
⎦

Wewill use this factorization to solve𝐀𝐱 = 𝐛.

You should showall the steps of computing this quantity byhand (but can use a cal-

culator for arithmetic). You shouldmake sureyouunderstandhowtodo this byhand

as this type of problemwould be fair game for a quiz.

(a) Solve 𝐋𝐲 = 𝐛.
(b) Solve𝐔𝐱 = 𝐲.
(c) Check that𝐀𝐱 = 𝐛.
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Problem 6. Define,

𝐀 =
⎡
⎢⎢⎢
⎣

1 5 7 8
1 −1 1 6
1 5 5 −2
1 −1 −1 4

⎤
⎥⎥⎥
⎦

, 𝐛 =
⎡
⎢⎢⎢
⎣

−18
−90
−69
138

⎤
⎥⎥⎥
⎦

Wewant to find 𝐱 so that𝐀𝐱 = 𝐛. Supposewe have

𝐀 = 𝐐𝐑, 𝐐 = 1
2

⎡
⎢⎢⎢
⎣

1 1 1 1
1 −1 1 −1
1 1 −1 −1
1 −1 −1 1

⎤
⎥⎥⎥
⎦

, 𝐑 =
⎡
⎢⎢⎢
⎣

2 4 6 8
0 6 6 −2
0 0 2 6
0 0 0 4

⎤
⎥⎥⎥
⎦

Wewill use this factorization to solve𝐀𝐱 = 𝐛.

You should showall the steps of computing this quantity byhand (but can use a cal-

culator for arithmetic). You shouldmake sureyouunderstandhowtodo this byhand

as this type of problemwould be fair game for a quiz.

(a) What is𝐐T𝐐? What does this tell you about𝐐−1?

(b) Solve𝐐𝐲 = 𝐛.
(c) Solve𝐑𝐱 = 𝐲.
(d) Check that𝐀𝐱 = 𝐛.

Problem7. Describewhether the followingproblems/tasks arewell-conditioned or

not. Justify each of your responses.

(a) Problem/task: You are given a vector [𝑥1, 𝑥2] and must compute the solution
[𝑧1, 𝑧2] to the linear system of equations

2.3𝑧1 − 1.01𝑧2 = 𝑥1, 2.31𝑧1 − 1.00𝑧2 = 𝑥2.

Example inputs/outputs:

input 𝑥 solution 𝑃(𝑥)

[1, 2] [30.816, 69.184]
[1, 1] [0.30211, −0.302115]

(b) Problem/task: Youaregiven functionℎ ∶ [−1, 1] → ℝandmust return∫1
−1 ℎ(𝑠)d𝑠.

Wewill use the norm ‖ℎ̃ − ℎ‖∞ ∶= max𝑠∈[−1,1] |ℎ̃(𝑠) − ℎ(𝑠)|.
Example inputs/outputs:
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input 𝑥 solution 𝑃(𝑥)

ℎ(𝑠) = 1 2

ℎ(𝑠) = 𝑠2 2/3

ℎ(𝑠) = sin(𝑠) 0
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(c) Problem/task: You’re designing a self-driving car. As you approach an inter-

section, you are given a greyscale image of the stoplight. You must determine

whether it is green or red; i.e. if the car should continue through the intersec-

tion or stop.

Example inputs/outputs:

input 𝑥 solution 𝑃(𝑥)

green

red

green

red
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(d) Problem/task: You’re designing a self-driving car. As you approach an inter-

section,youaregivenacolor imageof thestoplight. Youmustdeterminewhether

it is greenor red; i.e. if the car shouldcontinue through the intersectionor stop.

Example inputs/outputs:

input 𝑥 solution 𝑃(𝑥)

green

red

green

red

Images from: Brooklyn 4K -Night Drive and Jazz NewYork CityDrive
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